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Abstract

Conformal Prediction (CP) is a popular framework for constructing prediction
bands with valid coverage in finite samples, while being free of any distributional
assumption. A well-known limitation of conformal prediction is the lack of adap-
tivity, although several works introduced practically efficient alternate procedures.
In this work, we build upon recent ideas that rely on recasting the CP problem
as a statistical learning problem, directly targeting coverage and adaptivity. This
statistical learning problem is based on reproducible kernel Hilbert spaces (RKHS)
and kernel sum-of-squares (SoS) methods. First, we extend previous results with
a general representer theorem and exhibit the dual formulation of the learning
problem. Crucially, such dual formulation can be solved efficiently by accelerated
gradient methods with several hundreds or thousands of samples, unlike previous
strategies based on off-the-shelf semidefinite programming algorithms. Second,
we introduce a new hyperparameter tuning strategy tailored specifically to target
adaptivity through bounds on test-conditional coverage. This strategy, based on the
Hilbert-Schmidt Independence Criterion (HSIC), is introduced here to tune kernel
lengthscales in our framework, but has broader applicability since it could be used
in any CP algorithm where the score function is learned. Finally, extensive experi-
ments are conducted to show how our method compares to related work. All figures
can be reproduced with the accompanying code at gitlab.com/drti/ksos-bands|

1 Introduction

In many applications, machine learning regression models require a trustworthy uncertainty quan-
tification in their predictions. This is especially true for high-stakes applications such as design
optimization, non-destructive testing, medical diagnostics, autonomous vehicles, or financial fore-
casting, where decisions based on model predictions can have significant impacts. Having a reliable
uncertainty quantification is thus fundamental. Several machine learning models come with un-
certainty quantification in their predictions, such as Gaussian Processes [Rasmussen and Williams),
2005]], Random Forests [Breiman, 2001]] or Bayesian Neural Networks [Wang and Yeung, [2020],
among many others, but these models generally provide inaccurate prediction bands: coverage guar-
antees typically hold asymptotically or with strong distributional assumptions. In practice, however,
especially for high-stakes decisions, we should at least provide marginal coverage guarantees that
hold in finite sample and without making any distributional assumptions on the data. In addition, a
desirable feature is adaptivity: we would like prediction bands to be wide when either the model lacks
confidence or if the variability in the data is high, and narrow when both the model is confident and
the variability is low. Having adaptive prediction bands means having an uncertainty quantification
that is informative on either the performance of the model or the variability of the data, which is key
in crucial applications.
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Conformal Prediction (CP) (see, e.g., [Gammerman et al.||1998| [Papadopoulos et al., 2002} [Shafer
and Vovk! 2008 or [Angelopoulos and Bates||2023]] for a modern introduction) has been designed
from the ground up to be an uncertainty quantification statistical framework that provides marginal
coverage guarantees in finite sample while being distribution-free. In particular, the split conformal
procedure proposed by [Papadopoulos et al.| [2002] is especially easy to implement. CP is becoming
widely used in many different applications (see [Balasubramanian et al.,|2014, |Vazquez and Facelli,
2022] and references therein), but unfortunately, by construction, standard CP does not provide
adaptive prediction bands. A lot of research has been done in this direction, which we will review
later.

In parallel, for specific statistical learning problems, Marteau-Ferey et al| [2020] introduced a
new kernel framework known as kernel sum-of-squares (SoS), tailored specifically to estimate
non-negative functions. Their key idea is to characterize such functions of interest by a linear
positive semidefinite Hermitian operator, which admits a finite-dimensional representation through a
representer theorem. Since then, it has been leveraged for non-convex optimization [Rudi et al.,2025],
estimation of optimal transport distances [Vacher et al., 2021]], modeling of probability densities
[Rudi and Ciliberto, 2021]] and PSD-constrained functions [Muzellec et al., [2022]]. Very recently,
kernel SoS was also identified as a powerful framework for constructing more adaptive prediction
bands by |Liang| [2022]] and |[Fan et al.| [2024]]. They were the first to propose to build prediction
bands as solutions of such a learning problem, where adaptive coverage is targeted with additional
constraints. This point of view is the one we adopt and generalize in this paper.

Outline and contributions. We start by presenting CP in Section [2] as well as recent variants
developed to improve adaptivity. We also introduce the kernel SoS framework, since our proposed
method extensively relies on it. In Section [3] we introduce our approach that learns a CP score
function by solving a statistical optimization problem with several ingredients: an objective function
controlling both the width and the regularity of the prediction bands, and constraints for coverage.
We also discuss a new criterion dedicated to the tuning of kernel lengthscales, with local coverage as
an objective. In Section ] we finally conduct extensive experiments to compare our method to other
conformal prediction methods that provide adaptive bands.

Our contributions are as follows:

* We generalize the previously introduced kernel SoS point of view for prediction bands and
precisely analyze the contribution and practical effect of each term in the objective function,

* We provide a representer theorem that makes the problem numerically tractable,

* We derive a dual formulation of this problem and propose an accelerated gradient algorithm
to enable faster computation on large datasets, unlike previous work that was limited to
small datasets,

* We introduce a new criterion to tune kernel hyperparameters based on the Hilbert-Schmidt
Independence Criterion (HSIC), which is also applicable to any other CP method. In
particular, we provide both theoretical and empirical evidence of the effectiveness of this
metric to achieve better adaptivity.

2 Conformal prediction and kernel sum-of-squares

2.1 Conformal prediction

Split conformal prediction. CP was introduced by Gammerman et al.| [[1998]], with the so-called
full-variant, but we focus here on the split variant, introduced by |[Papadopoulos et al.|[2002]. Suppose
we have a training dataset Dy = {(X;,Y;)}, from a pair (X,Y) ~ Pxy where X € X C R?
and Y € Y C R. This dataset is split in two parts: a pre-training dataset D,, = {(X;,Y;)}_, and a
calibration one D, = {(X;,Y;)}, with N = n + m.

The pre-training dataset D,, is used to first fit a predictive model 7, (-), which can be any machine
learning algorithm. The second step consists in computing performance scores associated to 77, on
the hold-out calibration dataset D,,,. The usual score in the literature is defined as the absolute errors
S(X.,Y;) :=8; = |Y; — m,(X;)| for i € D,,, which are used to compute the quantile g, of the set

S; }iep,, with an adjusted level [(1 — a))(m + 1)]/m, where « is the desired error rate. Finally,



for a new observation X 1, the split CP prediction bands are C N(Xni1) = [Mn(XNt1) £ Qals
which satisfy the marginal coverage

P(Yvi1 € On(Xni)) 21-a ()

for any N as long as (X1,Y7),...,(Xn,Yn), (Xn+1,YN41) are exchangeable. Unfortunately,
as underlined by Romano et al.|[2019]], these prediction bands cannot be adaptive since they have
constant width 2¢,,. The research direction in recent years has been to adjust CP procedures to target
more adaptive bands.

The quest for adaptivity. Historically the first idea was to change the score function by rescaling the
scores with an estimate of the variability &,,(-) > 0. The new scores are thus defined as S; = |Y; —
My (X;)|/on(X;), © € Dy, with prediction bands Cny(Xn41) = [Min(Xn+1) £ @0 (Xnt1)]-
Lei and Wasserman| [2014] first proposed to use an estimate of the conditional mean absolute de-
viation for &, (-). Another sensible choice is to scale the scores by an estimate of the standard
deviation, as was suggested for several machine learning models like Gaussian Processes, Ran-
dom Forests and Bayesian Neural Networks [Johansson et al., 2014} [Papadopoulos, [2024, {Jaber
et al}2025]. However, such scaling functions are rarely estimated in a goal-oriented way, without
quantitative and explicit consideration for adaptive coverage. This often leads in practice to poorly
adaptive prediction bands. In a parallel line of work, the popular Conformalized Quantile Regres-
sion (CQR) [Romano et al., 2019] proposes to change the score function by leveraging quantile
regression. Instead of using an interval built around an estimate m,,(+) of the regression function,

they rely on estimates g%ow< () and g, “"**"(+) of the conditional quantiles, and build an interval

Cn(Xn41) = [ (XN+41) = Qas @n """ (XN41) + Ga| Where now g, is the adjusted quantile
of the set {max (g%ower (X;) — Y3, Y; — ¢n """ (X)) , i € Dy, }. In other words, the score function
is chosen as S(X,Y) = max (¢3ower (X) — Y, Y — """ (X)). By design, the CQR model is
adaptive and generally provides sensible prediction bands. However, it suffers from two practical
limitations: (a) decision-making people usually prefer a point estimate with an interval around this
estimate and (b) quantile regression in a small data regime can be quite challenging. Also note that

a regularized version of CQR tailored to target test-conditional coverage was recently proposed by
Feldman et al.|[2021]].

Another line of work consists in modifying the calibration step. For example, |Guan|[2023] and [Hore
and Barber|[2024] propose to weight the scores when computing the adjusted level quantile, where the
weights depend on the test point X 1 1: this directly implies that the quantile changes with X 1,
and as a result the prediction bands are adaptive. More precisely, given a kernel H (-, -) that defines a
density H(z,-) for all z € X, sample X 1 from H (X 41, -). The quantile Go (X n41, Xn41) 1S
computed on the empirical distribution Y.~ | w;ds, + Wn+10100, Where the weights are computed
as w; = H(X;, XN_H)/(Z;":l H(X;,Xnt+1) + H(Xnt+1,Xn+1)). Although appealing, such
modifications to the score function have some practical shortcomings. First, computing different
weights for all test points can be computationally demanding during inference. Second, the method
suffers in practice from the randomization induced by the sampling of X ;. To overcome this issue
Hore and Barber| [[2024]] propose the m-RLCP methods that averages the predictions bands over m
sampling of X 1. However this leads to a marginal coverage equal to 1 — 2« and the computational
cost increases significantly. Finally, and perhaps more importantly, the kernel H (-, -) involved in the
definition of the weights depends on a bandwidth hyperparameter that must be tuned. This choice has
a strong impact on the shape of the prediction bands as shown in|Hore and Barber|[2024]. We will
come back to this point later since our framework shares the same characteristic. Finally, another
reweighting method based instead on Jackknife+ was proposed by |[Deutschmann et al.|[2024]].

2.2 Kernel sum-of-squares

Since our proposed method is based on kernel SoS for positive functions, we give a brief overview
following Marteau-Ferey et al.| [2020].

Let ‘H be a RKHS with associated kernel k£ and ¢: X — 7H one of its feature map such that
k(z,2") = ¢(X) T ¢(X). Let S(H) be the set of bounded Hermitian linear operator from H to H.
For A € S(H), we write A = 0 when A is a positive semi-definite (PSD) operator, and S () the



set of such PSD operators. For all z € X, we define f4(X) = ¢(X) T A¢(X), A € S, (H) which is
non-negative by construction. Kernel SoS refers to a statistical learning problem where the unknown
nonparametric function is constrained to be non-negative and obtained as the solution of

inf L(fa(X1),, fa(Xn)) + M Al + Ao Al @

where ||A|« and ||.A]| » denote the nuclear norm and the Frobenius norm of operator .4, respectively.
Interestingly, Marteau-Ferey et al.| [2020] show a representer theorem for Equation (2), which makes
kernel SoS computationally tractable in finite-dimension and is recalled below.

Theorem 1 (Marteau-Ferey et al.|[2020]) Assume L: R” — R U {400} to be a lower semi-
continuous and bounded below loss function. Equation admits a solution A* which can be
written A* = ZZi:l B (X:))d(X;) T for some matrix B* € R"™*" B* = 0. Furthermore
A* is unique if L is convex and Ao > 0. The corresponding non-negative function is given by
far(X) = 221:1 Bk(Xy, X)k(X;, X).

Theorem [I| provides a finite-dimensional equivalent problem which involves an unknown PSD matrix
B. But Marteau-Ferey et al.|[2020]] also propose an equivalent formulation: considering K the
kernel matrix with elements K,; = k(X;, X;) and V its upper Cholesky decomposition, we can
define ®(X) = V™ Tkx with kx = (k(X, X;))i=1, . and fA(X) = ®(X)TA®P(X). With
these notations, the following proposition shows that we obtain the same solution if we optimize the
PSD matrix A instead of B.

Proposition 1 (Marteau-Ferey et al.|[2020]) Under the assumptions of Theoreml[l] the following
problem has at least one solution, which is unique if Ao > 0 and L is convex:

inf L(fa(X1), -, FA(X0)) + M| Al + Ao A7 3

For any given solution A* € R"*"™ of Equation , the function fA* is also solution of Equation .

Although such a result may appear of minor impact, the A formulation actually yields significant
computational savings in practice, as we illustrate in our numerical experiments (see Appendix [B.4).

Remark 1 Operator A is PSD, hence it admits an eigendecomposition A ="~ \ju; @ w; with
N\ > 0.and w; € H. By the reproducing property, we have fa(X) =35, Aw(X)u (X) . Hence,
fa(X) is an infinite sum of squared functions in H. Equivalently in finite dimension, for a PSD
matrix B =UDU" we have fg(X) =k, UDU "kx = >", (O, uuk(X, X;))% Thus fs
is a function defined as a linear combination of squared functions from H.

3 Regularized kernel SoS for adaptive prediction bands

We now come back to our initial problem of building adaptive prediction bands. To do so, we focus
on the split CP setting with two i.i.d. datasets D,, = {(X;,Y;)}; and D,,, = {(X;,Y:)}™,, and
consider estimating a score function in a specific supervised learning problem to achieve better
adaptivity.

3.1 Learning the scores through an optimization problem

A general framework for learning score functions was recently introduced by |Xie et al.| [2024a]:
given a task-specific loss (e.g. conditional coverage or minimum interval width), an optimized
score function is obtained via a boosting algorithm. In this work, the score function S(X,Y) =
max (1 (X) =Y, Y — pa(X)) /o(X) is inspired by CQR and is parameterized by three unknown
functions (f41, p2,0) such that g (-) < po(-) and o(-) > 0, which are iteratively optimized during
boosting rounds. From a practical viewpoint however, the constraints on these functions are not
inherently accounted for in the boosting algorithm.

We advocated before the use of prediction intervals built around a point estimate, which corresponds
to the particular case m = u; = o and yields a score function S(X,Y) = |Y — m(X)|/o(X), or
equivalently S(X,Y) = (Y — m(X))?/f(X) with f(-) := o(-)? since only the score quantiles are



involved in the final prediction interval: we thus recover the rescaled conformal score setting where
we learn the rescaling function f(-), with an additional non-negativity constraint. The kernel SoS
framework is thus a natural candidate for this learning task.

Kernel SoS formulation for prediction intervals. We introduce two RKHSs H™ and H associ-
ated to kernels k™ with lengthscales 6™ and k7 with lengthscales 6/, respectively. The regression
function m will be estimated in the RKHS H"* while the non-negative scaling function f will be
estimated using the kernel SoS framework in the RKHS H/. The first step is to derive our proposed
infinite-dimensional learning problem from the properties that we impose on prediction bands:

) a n ) b n )
f SN - mix; Z Xi) + A A 4
weron M a3 20 0 =MD"+ D32 AAC0) + ML+ dellAlE @

=1
st fa(Xs) > (Vi —m(X3))?, i e [n], 5)
[ml[3m < s. (6)

In this problem, we propose to include several key components:

1. Accurate mean estimation (first term in (@) with regularity penalty (6), as in standard kernel
ridge regression [[Scholkopf and Smolal [2002],

2. Prediction intervals with minimum mean width (second term in (@)) and an additional
regularity penalty (third and fourth terms in (@),

3. 100% coverage on pre-training data , later calibrated on the calibration dataset.

Minimizing the nuclear norm with coverage constraints was originally proposed by [Liang| [2022]],
and minimizing the mean width was later proposed by [Fan et al.|[2024]]. Our proposition essentially
differs from their work for a broader and more efficient practical applicability: (a) we place ourselves
in the split CP setting, whereas |Liang| [2022] and |Fan et al.[[2024] propose different calibration
procedures that are harder to implement in practice, with theoretical coverage guarantees that depend
on hyperparameters (see Appendix[A.3), (b) we rely on a dual formulation which can handle several
hundreds of samples, (c) we propose a goal-oriented tuning strategy for #/, and (d) our proposal is
more general and we give better understanding of why this targets adaptivityﬂ In particular, adaptivity
can actually be controlled through the complexity of the scaling function f, in three different ways:

1. The sparsity in the linear combination. This can be controlled by the nuclear norm ||.A||,,
which acts as a lasso-type penalty (see[Recht et al.[[2010]),

2. The ¢5 norm of the coefficients in the linear combination, which is equal to the Frobenius
norm || A|| r and is similar to a ridge penalty,

3. The RKHS H7 which impacts the functions (), and notably the lengthscales 6.

To further illustrate point 3., if we take k7 (z, 2') = (z, 2") (RHKS of linear functions), the rescaling
function will be a second-order polynomial (thus not complex), while with a Gaussian kernel if
67 — +oo the prediction intervals will be constant (not adaptive enough) and if 6/ is small they
will be very wiggly (too adaptive). We thus see that in between, we can target better adaptivity: we
propose in Section[3.2]a new goal-oriented criterion related to local coverage to tune the lengthscales
6. Note also that 1 — « instead of 100% coverage can be considered in the constraints, but this
unfortunately leads to a non-convex optimization problem [Braun et al.| [2025].

Before discussing in detail the choice of our problem hyperparameters, we first derive a representer
theorem which makes the optimization numerically tractable.

Theorem 2 (Representer theorem) Let (a,b, s, A1) € RY and Ay > 0. Then Equation @) admits
a unique solution (m*, fa+) of the form m*(X) = > | v7k™(X;, X) = v Tk and fa«(X) =
®(X)" A*®(X) for some vector v* € R"™ and matrix A* € R™" A* = 0.

The detailed proof, based on Marteau-Ferey et al|[2020]] and Muzellec et al.|[2022], can be found in
Appendix This representer theorem leads to the following tractable semi-definite programming

'This lack of understanding is for example pointed out by [Liang et al.| [2024].



(SDP) problem:

n n
; a  Temy2, b 3 , 2
vl ey w2 (G TRR) 4 00 Al + MillAll + all Al
] )
st fa(X) > (Yi—~'K%)", i€ n], )
v K™y <s.

In practice, such SDP problem can be solved using off-the-shelf solvers like SCS [[O’Donoghue
et al., [2016], as was advocated by |[Liang| [2022] and [Fan et al.| [2024]. However, our numerical
experiments show that this strategy does not scale past a few hundreds pre-training samples: this is
thus a severe practical limitation which, in our opinion, heavily weakens the kernel SoS point of view.
To circumvent this major issue, we rely instead on a dual formulation of Equation (7).

Dual formulation. First note that this formulation is possible only when Ay > 0 (thus excluding
Liang|[2022]] framework) and that it consists of an optimization problem over (n + 1) variables rather
than (n + n x n) variables.

Proposition 2 (Dual formulation) Let (a,b,s, A1) € R%, Xy > 0and A := R’;"". Equation
admits a dual formulation of the form
sup r(T,0) Diag(Ta)r(T,0) + 0(y(T,0) " K™~(T,0) — s) — Q*(VDiag(T_,)V") (8)
(r,0)eA
where (T, 0) = Y —K™~(T',6), 4(T',0) = C (I',0) " Diag(T',)Y, C (T, ) = Diag (T';) K™ +
01, Q*(B) = &H[B — ML), |3 and Vo € R, Diag (T;) := Diag (T) 4+ £L,. Moreover, if
(f‘, 5) is solution of Equation , a solution of Equation {) can be retrieved as

N N 1 N N 1 N
5= (Diag(I‘a)Km + GIn) Diag(Ta)Y and A = [VDiag(r_b)VT - ML

2

where [A] | denotes the positive part of AEI

A detailed proof is given in Appendix[A.2]as well as the dual analytical gradient. Interestingly, this
dual formulation can be efficiently optimized using accelerated gradient-ascent algorithms [Ruder,
2017, Xi1e et al., 2024Db]], see FigureE] for an illustration of the numerical speed-up.

Final prediction bands. Solving the dual formulation yields estimates m(X)

= ‘)\/Tkgg and
fa(X) = ®(X)TA®(X), from which we derive the estimated score function S(X,Y

)= -
m(X)|/4/ Ia (X). Following standard split CP, our prediction interval is given by

On(Xni1) = [WXNH)—aa\/fA<XN+1>,m<XNH>+aa fA<XN+1>} ©)

where ¢, is the adjusted quantile of the estimated score function on the calibration set. By design (see
Appendix [A.3), they satisfy the same marginal coverage guarantee as split CP, as formalized below.

Proposition 3 If the samples (X1,Y1),...,(Xn,Yn), (XN+1, YNt1) are exchangeable, then the
prediction interval (9) satisfies the marginal coverage ().

Extensions. Similarly to Liang|[2022], if a point estimate m(-) is available beforehand from any
machine learning model trained on a separate dataset, our dual formulation can be easily modified.
More importantly, it is also straightforward to consider non-symmetric intervals by estimating two

functions fa (+) and Faw (+), at the cost of increasing the dual problem dimension to (2n + 1), see
Appendix We also strongly believe that incorporating constraints of the form pq(-) < pa(+)
as proposed by |Xie et al.| [2024a] is possible with kernel SoS, by taking inspiration from |Aubin{
Frankowski and Rudi|[2024]]. Kernel SoS is also complementary to [Hore and Barber| [2024]], as our
learned score can be post-processed with their approach. Finally, since we aim for 100% coverage,
our framework may lack robustness with respect to outliers: however, we can take advantage of our
preliminary estimate mgp(-) (see next section) to filter out samples with large residuals.

?For a PSD matrix A with eigendecomposition A = UDU', its positive part is defined as [A] L=
Umax(0,D)UT.



3.2 Hyperparameter tuning

First, the hyperparameters ™ and s related to the regression function m(-) are fixed with a preliminary
estimate mgp(-) obtained from Gaussian Process (GP) regression with kernel £™: 6™ is optimized
by maximum likelihood and s = ||mgp||3;.». Second, our numerical experiments in Appendix
show that A5 has a very small impact on the shape of the intervals, as long as Ay > 0. Not only
does it make the initial problem strongly convex and makes the dual formulation possible, but it also
facilitates numerical optimization. In the following, we thus fix it at Ay = 1.

Hyperparameters a, b, A\; and 6/ necessitate more attention. We observe numerically that a has
very little influence on mean squared-errors when the noise is symmetric (see Appendix [B.I). This
phenomenon was commented in [Fan et al.| [2024]], where they argue that the coverage constraints
have the additional effect to reduce mean squared-errors, but here we insist that this is true only for
symmetric noise. Our experiments confirm this intuition, we simply set a = 0 for the symmetric case.
Furthermore, they also show that b and A; have highly different influence. This may seem surprising,
given how they interact in the dual formulation through the last term in (8). A potential explanation
is that b controls a data-driven term, unlike A1, and the latter does not have a strong impact on the
optimal solution provided it is positive. As a result, we choose to set A\; = 1. On the contrary, b has
the expected behavior, in the sense that higher values yield narrower intervals, at the cost of increasing
the nuclear norm, that is the function complexity. But the last hyperparameter #/ also controls
such complexity: we thus expect a compensation between these two hyperparameters through an
interaction. Numerical experiments in Section [ actually confirm this phenomenon and show that as
long as b is sufficiently large (e.g. 10 or 100, we recommend to test these two values), it is possible to
tune only 67 to reach the same level of adaptivity. #/ thus requires specific consideration, since it has
the largest impact when b is fixed. This is the one we focus on below.

Goal-oriented criterion. Adaptivity is tightly related to local coverage P(Yn11 € C(Xn41) |
XnN41 = x) > 1 — «, which is impossible to achieve exactly in a distribution-free setting [[Vovk,
2012, Barber et al.,|2021]]. We focus ourselves on a weaker version, where we condition on X being
in a small neighborhood wx € Fx from the event space Fx such thatforallz € X, P(x € wy) > 0:
P(Yni1 € C(Xn+1)|XN+1 € wx) > 1 — a. Recently, |[Deutschmann et al.|[2024] showed that
such coverage with split CP can be controlled with the mutual information (MI) between the inputs
and the score function, namely

P(Y € Cp,(X)|Dy, X €wx)>1—a— %\/1 —exp(—MI(X, Sp, (X,Y))).  (10)

Note that contrary to Deutschmann et al.[[2024], we explicitly write the coverage conditionally on
the training set D . Inherently this bound is uninformative for low-probability sets, but interestingly
we can counterbalance this effect by choosing a score function which is as independent as possible of
the inputs in order to get MI(X, S(X,Y")) close to 0, see Deutschmann et al.|[2024]. However, this
implies computing MI for a random vector in dimension d: from a practical perspective, MI suffers
from the curse of dimensionality and rapidly becomes numerically unstable. Instead, for a re-scaled
score function, we show that a similar bound holds with MI between one-dimensional variables,
which is more robust. Furthermore, using recent inequalities between the total variation distance and
the maximum mean discrepancy [Wang and Tay, [2023]], we also extend our result to replace MI with
HSIC [Gretton et al.,[2005]], for which we observe in practice much improved numerical stability.

Proposition 4 Let Cp ~ be the prediction intervals built from a score function S(X,Y) = |Y —
m(X)|//f(X) through split CP with Dy = D,, U D,. Then for any wx in Fx such that
P(X € wx) > 6, denoting pp,, = P(Yni41 € Coy (XN+1)|DN, XN11 € wx ) we have:

1 =
poy > 10— 2\/1- a1 exp(MI(r, (X1, Yasr), Fo, (Xov:1))) an

where ay does not depend on f(-) and rp, (X, Y) = |Y — mp, (X)| In addition, we have

aq

1
ppy > 1l—a——,[/1— —
g 1 — aHSIC(rp, (XN1, YN41), fD, (XN11))

where oy only depends on the kernel used for HSIC, which must be characteristic.

(12)



To target local coverage, we can then maximize HSIC(r(X,Y"), f(X)): in our kernel SoS procedure,
this means that #/ can be tuned efficiently according to this criterion. For HSIC estimation, we need
samples Xy independent of D,, and thus rely on a cross-validation procedure. Finally, to handle
cases where the noise is homoscedastic, we implement as a last step a HSIC test of independence: if
the p-value is large, we set @/ to an arbitrary large value. See Appendix for the proof and for
implementation details.

Remark 2 We believe that Propositiond|is also of interest beyond kernel SoS, in the sense that it
provides a principled way to tune hyperparameters in all score functions, such as in|Hore and Barber|
[2024|] or \Braun et al.|[2025] for example. However, its true potential would lie in generalizing
Equation (12)) to other score functions, which is left as future work. It could also be directly used as a
loss function in|Xie et al.| [20244d]], instead of estimating local coverage.

4 Experiments

4.1 Small data experiments

For all experiments, we consider a Matérn 5/2 kernel for k™ and k7. Our proposed kernel SoS
algorithm is first compared in the small data regime to standard competitors for split CP: CQR (with
random forests, following experiments from Romano et al.| [2019], Hore and Barber| [2024]]) and
rescaled scores. For the latter, we only consider two variants of GP for fair comparison, since we also
place ourselves in the RKHS setting. We focus on a homoscedastic and heteroscedastic [Binois et al.}
2018|] GP model, and consider here Y = m(X) + o(X)e with:

‘ m(X), Z=10X +1 ‘ o(X) | X | e
Case | | sin(2%2 + 0.2422) 1 x<g6 + (5 — Dlxso6 | VO.1+2X2 | U[-1,1] | N(0,1)
Case 2 X/2 | sin(X)| N(0,1) | N(0,1)

We begin by illustrating the interaction between b and 67 in Figure 1| left. For all values of b, we
observe a consistent HSIC behaviour: it first increases with 7, thus improving adaptivity, until it
reaches a peak and then decreases. Interestingly, we also note that the higher b, the higher the optimal
67: this clearly shows that both hyperparameters have opposite effects on adaptivity. Furthermore,
we see that for b > 10 we reach a plateau for the optimal HSIC. In practice it is thus sufficient to only
optimize A/ as soon as b is fixed at a large enough value. Figure also shows that a small value for
67 leads to overly adaptive bands, while the HSIC-optimized 67 produces smooth and adaptive ones.

‘ HSIC = 5.1 x 107! " . D HSIC = 1.3 x 107*
0.0014 — =0 2 L x 10 : 7 2 x10

0.0012

= 0.0010

< 0.0008

0/ = 1.74 and b = 100

1

S 0.0006| |

HS

0.0004

0.0002

0.0000

Figure 1: Test case 2 with n = 100. Left: HSIC criterion between r(X,Y") and f(X) as a function
of b and 67 (confidence intervals obtained by bootstrap and optimal values of #/ in dashed lines).
Middle / Right: optimal prediction bands with too small and optimized lengthscale, respectively.

In the following we now fix b = 10 and compare kernel SoS with HSIC-optimized 6/ to CQR and
rescaled GPs on test case 1 with 20 replications. In Figure[2] we investigate several metrics related to
adaptivity: mean width, MI and local coverage, see also Appendix for complementary discussion.
We note that CQR and standard GP yield larger intervals and local coverage with great variability
around the target. Heteroscedastic GP produces intervals similar to ours, but with higher mean width.
In contrast, kernel SoS gives prediction intervals with both small width and satisfying local coverage
properties. Additional experiments confirming this behavior are to be found in Appendix
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Figure 2: Test case 1 with n = 100. Adaptivity metrics and density of local coverage.

4.2 Real-world and large scale experiments

Finally, we demonstrate that our dual formulation for solving the kernel SoS problem can scale to
several hundreds or thousands of training points, unlike previous work that relies on SDP solvers.
Figure [3]left, shows that a SDP solver can only handle up to n = 200 training samples, while our
dual solver scales easily to n = 1000 (see Appendix . When we optimize 6/ with HSIC, we
retrieve the optimal solution in Figure [3]right.

o= Dualsolver Bands Prediction
40 Primalsolver (SCS) 4 o . —— Mean prediction
! N —— Oracle
Test Data
30 2
E 20 ¢ ~
& 0
10 p
e —2
0 D : .
0 200 400 600 800 1000 —1.0 —0.5 0.0 0.5 1.0
Sample size (n) X

Figure 3: Test case 1. Left: time for SDP and dual formulation as a function of n (a = b = 0, 6/ =
0.3, max iter = 10%). Right: optimal solution of dual formulation for n = 2000.

At last, we consider six real-world datasets commonly used for regression, which are detailed in
Appendix [B:4] Table|[I|reports the mean width of prediction intervals on a test set for all methods.
We consider two variants of kSoS: one where 67 is chosen to minimize the mean width, and the other
where we optimize it with HSIC. Note that for Bio, which exhibits strong asymmetric noise, we use
our asymmetric kSoS variant and do not use the HSIC criterion to tune 67, since at the moment it
only applies to symmetric intervals. Such asymmetric noise heavily favors CQR, which outperforms
all methods on this example. For all other cases except for Concrete which we comment below,
kernel SoS targeting mean width achieves better adaptivity when measured by mean width. No
other competitor, although they generally have strong performance, achieves this robustness. For
completeness, we also provide the marginal coverage for all datasets and methods in Appendix [B:4]

Dataset CQR Het GP Hom GP kSoS kSoS
Best mean width Opt. HSIC

Concrete | 0.586 +0.032  0.508 £0.052  0.543 £ 0.044 0.556 + 0.044 0.568 & 0.06

Bike 1.114 £0.062  1.000 £0.079  0.809 £0.024 0.803 £0.031  0.803 + 0032
Bio 1.879 £0.046  2.21 £0.100 2.194 £0.119 2.03 £0.07 -
Diabetes | 188.62+9.33 191.24+£11.95 190.58£11.19 185.83 £14.47 187.6+16.18
MPG 9.89 £ 0.82 9.70 £ 1.06 9.71+0.73 9.15+£0.8 9.36 = 0.82

Housing | 1.816 +0.045 1.585+0.099 1.453 +0.068 1.468 +£0.094 1.586 4+ 0.104
Table 1: Mean width of prediction intervals for six real-world datasets (mean+sd on 10 repetitions).




At first sight, the kSoS variant based on HSIC produces larger bands and appears to be less adaptive
if only mean width is considered. However, a more meaningful criterion to evaluate adaptivity is
local coverage. Since it is unfortunately out of reach for real datasets, we rely instead on the worst-set
coverage min;—1 1 P(Yy11 € Cpy (Xn41)|Xn+1 € Ry) where {R;}1=1,...1 is a partition of
the input space, see Thurin et al.|[2025]]. We observe in Figure [f] that kSoS with HSIC stays closer to
the target o = 0.9 than all other methods. For Concrete, heteroscedastic GP has the smaller mean
width, but at the cost of producing intervals with lower worst-set coverage. Similarly, on Housing
both homoscedastic GP and kSoS focusing on mean width exhibit the lowest mean width, but are
further from the target. This illustrates once again that our HSIC criterion focuses on local adaptivity.

kSoS Best mean width s i _.-;—
kSoS Opt. HSIC| | _-;—
Heteroscedastic GP{ ——— o ——
Homoscedastic GP | —— :
CQR with RF{ i
0.800  0.825  0.850  0.875  0.900 0.800  0.825  0.850  0.875  0.900

Housing Concrete

Figure 4: Housing (left, with b = 100) and Concrete (right, with b = 10) datasets. Mean and standard
deviation of worst-set coverage on 10 regions with 100 test points each, 10 repetitions.

5 Limitations

Although our experiments show that kernel SoS is a competitor worth trying to build adaptive bands
in a moderate sample size regime, we can still identify limitations that would necessitate extensions:

* Kernel SoS performs well for dimensions up to 10 or 15, a limitation shared by all kernel
methods without specific strategies. For high-dimensional objects with structure (time series,
probability distributions, molecules, strings, graphs,....), it is however straightforward to
plug specifically designed kernels in our framework. On the other hand, for high-dimensional
tabular data, a common strategy is to rely on additive kernels, which are left as future work.

» Kernel SoS can scale up to 2000 samples thanks to the dual formulation, but handling much
more samples than that would be highly time consuming. This is inherently a limitation that
comes from kernels rather than from the dual formulation. Indeed, each objective function
and gradient computation involves the usual kernel regression formulas, which scale as
O(n?3). A usual workaround is to use Nystrom-type approximations or Random Fourier
Features, which could be easily integrated in our problem.

¢ Due to the 100% coverage constraint, kernel SoS is less robust to outliers than CQR. In such
cases, a pre-processing step using another model (e.g. the initial GP model we use in our
procedure or an heteroscedastic GP model) is recommended.

6 Conclusion

We introduce a generalized kernel sum-of-squares framework for building scalable and adaptive
prediction bands for conformal prediction. Scalability is achieved through a new representer theorem
together with a dual formulation which can be solved efficiently with accelerated gradient algorithms.
Unlike previous work, this makes the kernel SoS paradigm for CP able to scale up to thousands of
training points, as we illustrate in our experiments. On the other hand, adaptivity and local coverage
are targeted by optimizing hyperparameters with a new HSIC-based criterion, which is numerically
robust and has excellent practical performance. Since such a criterion appears promising, as a
perspective, we plan to investigate its extension to more general score functions.
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A Proofs

A.1 Proof of Theorem 2 - representer theorem

To begin, we first introduce some notation. When considering objects related to functions m and f,
we will use the superscripts ™ and / to differentiate them. Associated to each function we consider a
RKHS H(), a kernel (), a kernel matrix K(, a feature map d)(') and a column vector such that for
re kX

kO (X) = (k:(')(Xl,X), . .,k(')(Xn,X))T

For the kernel matrix [K”];; = k7(X;, X;) only, we consider its Cholesky decomposition and
empirical feature map

K/ =VT'V and &X)=V TK/(X).

Next, for a Hilbert space H we write S(#) the set of bounded Hermitian linear operators from
to H and S (H) those that are positive-definite. We also write S} = S, (R"*") the set of real,
symmetric and positive-definite square matrices of size n.

To prove our representer theorem, we first rewrite (4) as

1 n
inf @ g 2 (= mlX)y +be *ZfA )+ ML+ oA (13)

meH™, AeSL (HT)

st (Vi —m(X;)? = fa(X;) <0, i€[n],

In order to show that there exists a finite-dimensional representation for both m* and A*, we will
first show that for any fixed m € H™, the optimal A has a finite-dimensional representation. Indeed
if m € H™ is fixed, the problem writes

. b &
inf = fa(X) + M Al + A Al

AES, (HT) —

st (Y —m(X)? = fa(X,) <0, i € [n]

or equivalently

inf Ly, (fa(X1),..., fa(Xn)) + Q(A)

AES, (HF)
where
é n . . o .
Lm(fA(Xo,.‘.,fA(Xn)):{igi”mxl) e IS0 el
and

Q(A) = Ml Al A+ X[l Al
Since L,, : R" — RU {400} is lower semi-continuous and bounded below (notice that it is linear

and bounded below by 0), we can apply Theorem 1 and Proposition 3 from Marteau-Ferey et al.
[2020] to deduce that the solution is entirely characterized by a PSD matrix A € R™*"™ given by

Aiggfi *ZfA )+ M lALL + A2 A

.. W m(X:)? - fa(X;) <0, i€ [n],
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with
fa(Xi) = (®(X;),A®(X;)) and ®(X;) =V Tk/(X)).

Since this representation is valid for any m € "™, Problem (I3) is thus equivalent to

n

ey o *ZY m(X ZfA D+ MIAL+ AR a4

s.t. (Y m(X:))? — fa(X )SO,ze[n],
e — s < 0.

Now, to show that m* € H™ has a finite-dimensional representation, we will rely upon the dual
problem. To do so, we first need to show that strong duality holds. Since our problem is convex, it is
enough to check Slater’s constraint qualification, i.e. we simply need to exhibit a strictly feasible point
(mo, Ag). We first take mg = 0 € H™ which satisfies ||ml|3,» — s = —s < 0. If we assume that
K/ is of full rank (this assumption is always satisfied if £(/) is universal and all training points X;
are distinct), it is invertible and we can define o = (K/)~'Y such that Y; = 2?21 ik (X, X;).
Denote By > 0 the positive-definite matrix with elements [Bol;; = a? + €l ,—0 and [Bgl;; = 0 if
i # j where € > 0 (note that in general all a;; will be non-zeros, but if it it not the case we introduce
a small €). Then by Cauchy-Schwartz we have forall: =1,...,n

Z O[jk(f)(XZ', Xj)

Jj=1

<n) ol (k) (X5, X;))?
j*l

< nz o + €la,—0) (k) (X;, X;))?

:nZ[BO]]](k( )(XlaX )) *ano(Xi)

with Ag = VBoVT > 0, which implies (Y; — mo(X;))? = Y? < fa,(X;) as soon as n > 1.
Consequently (mg, Ap) is a strictly feasible point and strong duality holds. We thus introduce
I' € R} the Lagrangian multipliers associated to the first » constraints and 6 € R the Lagrangian
multiplier associated to the constraint on the norm of m. The Lagrangian function writes:

Lim. AL.0) == 37 (¥; — m(X ZfA )+ MIALL + del| Al
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Following [Muzellec et al.|[2022] Appendix C.5, the optimality conditions of the Lagrangian function
w.r.t. m are

Vo L(m, A,T,0) = Zz (ri n ) (X0, ) ((m(), K™ (X3, Yagm — Y3) + 20m(-)

:22(r + ) K7 (X ) © KX, )] (m) + 20m(-)

and setting this gradient to 0 leads to

i( )Ykm(X ).

i=1

li (it &) (X3, ) @ K™ (X, ) + 6L,

i=1

To conclude, we denote
C (I',0) := Diag (I'a) K™ + 01,
v(T,0) := C(T,0) ' Diag (Ta) Y,
Diag (') = Diag(T') + gIn
n

such that m* has the finite-dimensional representation
m*(X) = yik™(X;, X) ="k (X).
i=1
In the end, plugging this expression in Problem (I4) yields the semi-definite problem from Equation

(7):

inf — Y M AL + A2l|A
I W Z m(X ZfA )+ ML+ Aol|A[3

st (Y, —TK™(X )) — fa(X;) <0, i€ n],
K™y -5 <0.
A.2 Proof of Proposition 2 - dual formulation
Proof. The dual problem of Equation (7) is defined as

d= sup inf L(m,A,T,0)= sup D(T,0)

TeR? mEH™ TeR?
ger, A5+ 9eR,
where the dual function is D (T, §) := inf L(m, A, T, 0). Remark first that in the previous

meH™, AESQ
section we already introduced the Lagrangian function

3

Lim, A,T,0) =" (2 +13) (¥ = m(X:)* + 0 (Imlffn — ) + M JALL + Azl Al
=1

i(r )fA( i)

=1
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with optimality condition for m given by m*(X) = vTk™(X). Now, we need to derive the
optimality conditions for A:

M ATL -+ AalAl = 3 (T ) Fax)

=1
= inf Ai[|All. + A2[|A[|F — (A, VDiag (T'_p) VT) (15)
Aesn
= — sup (A, VDiag (T-) V') = M[|A[l, — Ao A7
Aest
= — 0" (VDiag (T'_p) V') (16)

where * is the Fenchel conjugate of ). Equality comes from the fact that > | I'; fA( i) =
(A, VDiag (T') VT). Indeed, recall that fa (X;) = (®(X;), A®(X;)) and ®(X;) = V- Tk (X;),
which yields

Zn:rifA(Xi) = Zn:ri<‘1’(Xi ZF Tr ((X:)" A®(X)))
—ZFTr (A®(X; Zr A, ®(X;)®(X)T)

i=1

= <A,in<1><xi><1><xi>T>

where the second term inside the brackets can be expressed as

ir@(xi) erka Dk (X)Tv!

Zl“ikf(Xi)kf(Xi)T v!
i=1

=V TK/Diag(T)(K/)TV~!
= VDiag(T)V7T.

Equation is simply the definition of the Fenchel conjugate of 2 (A) = A\ [|A|« + A2||A|%.
Finally, replacing m by its optimal value and the regularizations involving A by the above expression,
the dual function is

D (T,0) = inflm L(m,A,T,0)
"Aesn

= r(T, 0) "' Diag(Ta)r(T, 0) + 0(y(T, 0) "K™~(T, ) — 5) — Q*(VDiag(T_1,)V7T)

first term second term third term

where r(T', 0) :=Y — K"~(T, §), which corresponds to Proposition 2.

Gradient computation. To solve the dual problem

d= sup D(T,0)
TeR’
96R+

we propose to use an accelerated gradient algorithm, which requires the gradient of the dual function
w.r.t. the Lagrange multipliers. We now provide the explicit computations for this gradient. In what
follows, J ;; denotes the matrix filled with zeros except for a 1 at row j and column j.
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Gradient of first term r " Diag(T's)r.

It is straightforward to show that
0C _ ODiag(Ta)
or; oIy

007 190
ar'; ar’;
oy oCc~t . _, ODiag(T)
— = Diag(T'a)Y + C7" ——=—
ar, ~ or, Disla)Y + ar,
=C 'J;; [-K™C 'Diag(Ta) + I,] Y
= C_leju,
Or o 1
— =-K"—=-K"C™'J,;
8Fj 81“]- it
where u := [-K™C™!'Diag(Ta) + L,] Y. We then get
orTDiag (Ta)r
or';

K™ =J;;K™,

C'=-Cc'J,;K"C!,

Y

or
ar;

=r? — 2r ' Diag(T'a)K"C'Jj;u

= 7’]2 + 2r " Diag(T,)

orTDiag (Ta)r
or
where s := r ' Diag(T',)K™C™L. Similarly,

oC
e
00 "
oCc—t ,0C 5
o~ C @C = ¢
oy oC™!_. o
a_ Diag(T',)Y = —C~2Diag(T,)Y,
O O Diag(T)Y = ~C?Diag(T,)
or o~ o,
D _km?) _ KmC2Diag(T,)Y :=t,
50 59 C iag(T,) t
such that
Or "Diag(Ta)r T or
I8 all 91 Diag(Ta) =
a0 r Dieg(Ta) 5y
= 2r ' Diag(Ta)t.
Gradient of second term (v ' K™~ — s).
20(y K™y — s) Trem O
— 20 TK™ L
ar; TR o,
=20v"K™C'J,;u,
= 20pTJjju
TKm _
90(y K"y —s) _ 2%0p & u

or
where p := v TK™C~!. We also have
00 (’yTKm'y — 5)

00

= (v K™y —3s) + 297TK7"(;—Z
= (y'K™y —s) — 20y K™ C *Diag(T'a)Y

= ('yTKm'y — s) — 204 "t.
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Gradient of third term Q*(VDiag(T'_,)V7T).

From Marteau-Ferey et al.|[2020] Lemma 5, we have

VO (AY) = A* ML, .

DY
We then use the chain rule following Equation (137) from [Petersen and Pedersen|[2012]:

00*(VDiag(T _)VT)
ar;

= Tr [V (VDiag(T 1,)V")]" VI, V7]

= (V7 [v" (VDiag(T_)V")]" V)
90" (VDiag(T_p)V7T)
oT

Recovering the solution from optimal Lagrange multipliers. Once the dual problem is solved
(in practice the convergence of our accelerated gradient algorithm is checked with some small relative
tolerances on the constraints and the duality gap, e.g. 1072, see Appe/r\ldix , we need to recover
the optimal solutions of the primal problem. Denoting I' € R’} and 6 € R the optimal Lagrange
multipliers, the approximated mean function is recovered by

g = (Diag(f‘a)Km + §In>

On the other hand, to reconstruct the matrix A, we follow Theorem 8 from Marteau-Ferey et al.
[2020]:

= Diag (V7 [V (VDiag(T5)V7")]" V).

1 ~
Diag(T'a)Y.

A=vQr (VDiag(f‘_b)VT)

1 P
= [VDlag(r,b)V - M"L

A.3 Proof of Proposition 3 - marginal coverage

Proposition 3 is a trivial extension of standard split CP: the kernel SoS procedure is conducted on
pre-training data only. The scores are then computed on an independent calibration data, and thus
training conditional coverage is straightforward, yielding marginal coverage (see for example [Lei
et al.| [2018]]). Algorithm E] gives a detailed overview of the full procedure.

Improved calibration from Liang|[2022] and |[Fan et al.[[2024]. The split CP calibration procedure
and [Fan et al.|[2024] are really close. Indeed, the calibration procedure in|Fan et al.|[2024] is also
based on a splitting strategy as for split CP, but without adjusting the quantile level. Their calibration
method is thus almost equivalent to split CP, and from a theoretical perspective they recover the target
coverage level but with different tools (which allows them to derive explicit coverage bounds for
their bands before calibration). The main advantage of using split CP, is that we can benefit from all
previous and future extensions of CP to handle specific situations (e.g. covariate shift, jackknife+,
...) at almost no cost, unlike |[Fan et al.[[2024]’s strategy. On the other hand, |[Liang [2022] also
provides pre-calibration coverage bounds, while relying on sample splitting. The main variation with
respect to split CP or |Fan et al.|[2024] is that the hyperparameter which must be optimized on the
calibration set no longer appears as a multiplicative constant in front of the band width, but as an
additive constant inside a square root, thus implying a more complex dyadic search (in contrast to
split CP framework or |Fan et al.|[2024]’s one, where it is simply given as a sample quantile). This
simple difference partly explains why they require other proof strategies to get the target coverage.
Once again, we believe that the traditional split CP is more straightforward and easier to apprehend,
with no obvious disadvantage (to the best of our knowledge) with respect toFan et al.| [2024] or|Liang
[2022]] procedures.

A.4 Proof of Proposition 4 - local coverage

Before giving a detailed proof of our bounds, we first recall the definitions of the maximum mean
discrepancy and the Hilbert-Schmidt independence criterion.
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MMD and HSIC.

Definition 1 (Maximum Mean Discrepancy [Smola et al., 2007]) Let X andY be random vectors
defined on a topological space Z, with respective Borel probability measures Px and Py. Let
k: Z x Z — R be a kernel function and let H(k) be the associated reproducing kernel Hilbert
space. The maximum mean discrepancy between Px and Py is defined as

MMDy(Px, Py) = sup [Ex~py[f(z)] = Ev~p, [f(W)]] .
1f 2y <1

The squared MMD admits the following closed-form expression:

MMDy, (Px, Py)? = Expy, x/~px [K(X, X')] + Eypy yiupy [K(Y, V)]
—2Ex~py,v~ry [R(X,Y)],

which can be estimated thanks to U- or V-statistics.

Now given a pair of random vectors (U, V) € X x Y with probability distribution Py, we define
the product RKHS H = F x G with kernel ky;((u,v), (v/,v")) = kx(u,u')ky(v,v"). A measure of
the dependence between U and V' can then be defined as the distance between the mean embedding
of Pyy and Py ® Py, the joint distribution with independent marginals Py and Py :

MMD?(Pyv, Py ® Py) = |y, — ey @ pipy |3

This measure is the so-called Hilbert-Schmidt independence criterion (HSIC, see|Gretton et al.|[2005]])
and can be expanded as

HSIC(U, V) = MMD?(Pyy, Py ® Py)
=Eyu v,y kx(U,Uky(V, V")
+ Evukx (U, U)Ey, v ky(V, V')
— 2By vy [Ep ka (U, U )Ey ky(V,V")]
where (U’, V') is an independent copy of (U, V). Once again, the reproducing property implies that

HSIC can be expressed as expectations of kernels, which facilitates its estimation when compared to
other dependence measures such as the mutual information.

Bounds on local coverage. To lighten notations, we denote X = Xyn11, Y = Yy41, R =
Y —ipy (X)), V = fpy(X)and S = R/v/V. In the frame of Proposition 4, we work conditionally

on Dy, which means that in what follows mp,, (-) and fp  (+) are deterministic functions. The chain
rule for mutual information gives

MI((X, V), R) = MI(X, R) + MI(V, R| X)
= MI(V, R) + MI(X, R|V).

Conditionally on X, V' is constant and then R and V" are independent. This implies MI(V, R|X) = 0
and

MI(X, R) — MI(V, R) = MI(X, R|V).

‘We now write

R
MI(X, §) = MI(Xv\/V)
<MI(X, (R,V)) (Yg, MI(g(X),Y) < MI(X,Y))
<MI((X, V), (R, V) (MI((X1, X3),Y) > MI(X1,Y))
=MI(X,R|V)+ H(V) (MI(X,Y|Z) =MI(X,Z),(Y,Z) - H(Z))
<MI(X,R|V) + H(X) (Vg, H(g(X)) < H(X))
=MI(X, R) — MI(V, R) + H(X)
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and we can observe that only MI(V, R) depends on V. We thus deduce that
1 —exp(-MI(X, S)) <1 — a; exp(MI(V, R))
where oy = exp(—MI(X, R) — H(X)) is independent from V', which proves Equation (11).

For the second part of the proposition, from Equation (15) in[Wang and Tay| [2023]], we have the
bound

TV(P,Q) >

1
MMDy (P
2\/@ k( aQ)
where TV(P,Q) = sup|P(A) — Q(A)| for P, Q defined on a measurable space (£, F) and
AeF

MMDy, (P, Q) are the total variation and the maximum mean discrepancy between probability distri-
butions P and Q, respectively. Here, the MMD depends on the choice of a kernel k, which is bounded

by My, = sup k(z,x), and must be characteristic for the inequality to hold. We then apply this
reX

inequality to P = Py g the joint distribution of (V, R) and Q = Py ® Pg the joint distribution with

independent marginals Py and Pg, to get

1 — exp(—=MI(V, R)) > TV?*(Py g, Py ® Pr) > auHSIC(V, R),

where the inequality on the left is the Bretagnolle-Huber inequality, the inequality on the right comes
from the HSIC definition HSIC(X,Y) = MMD?(Pxy, Px ® Py) and we denote ay = 1/(4Mj,)
with k the kernel used in HSIC. We finally have
aq
1 — aoHSIC(V, R)

1—ajexp(MI(V,R)) <1

and Equation (12) follows.

Remark 3 In our initial mutual information bound, we replace H(V') by H(X) in order to obtain
in the end a bound which can be expressed only with HSIC. This may seem crude, and of course
we could easily incorporate H (V') in our criterion to get a sharper bound: however, our numerical
experiments show that even without this term the criterion yields satisfying adaptivity.

In order to illustrate the reason why we advocate using HSIC over MI, that is numerical stability,
we reproduce here our experiment on test case 2. For several values of b, we compute both criteria
for a grid of 67 candidate values, with n = 100 and 10-fold cross-validation. Figure |5{shows that
HSIC (left) allows to clearly discriminate the lengthscales, while MI (right) suffers from estimation
instability and is thus unusable in practice to identify a satisfying lengthscale.

b=0

b=1

b=10

b =100
— b=1000
—— b= 10000

=
J/

o1 12 49 3@9} ] 5 6 : I

Figure 5: Test case 2 with n. = 100. HSIC (left) and MI (right) criteria between 7(X,Y") and f(X)
as a function of b and #/ (confidence intervals obtained by bootstrap and optimal values of 67 in
dashed lines).
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B Additional experiments and details

B.1 Hyperparameter influence

In order to quantitatively evaluate the influence of each hyperparameter in our kernel SoS formulation,
we perform the following extensive study:

1. We select test cases 1, 2 and 3 (see Appendix [B.4]for details)
2. For each test case:

(a) We generate a training dataset of size n = 50, 100 for 3 different random seeds and 10
different values for 67

(b) For each hyperparameter of interest a, b, A\; and Ay

i. We fix all hyperparameters to 1 except the one of interest which varies between
103 and 107
ii. We solve the kernel SoS problem
iii. We compute the root mean-squared error, the mean width, the nuclear norm and
the Frobenius norm of the optimal solution

(c) We normalize these indicators with their median over all combinations to be able to
compare the different test cases on a common ground

Boxplots of the combined indicators are given in Figure[6] We first observe that on average a does
not have a large impact on the root mean-squared errors (top left). On the other hand, A, does not
influence at all the optimal Frobenius norm or the interval mean width (top right). However, the
bottom row provides interesting insights. Indeed at first glance, since b and A; both appear explicitly
in the formula for the PSD matrix A, we may have intuitively thought that they should have a similar
effect. Our results actually show that A; has a very small influence, contrary to b which, when it
increases, greatly reduces the interval width at a cost of inflating the nuclear norm.

1.2 x 10

115 x 10°

11 x 10°
=1 5
@ :
Z 5
105 x 10"

L “10°!
1 L
100 107

nWidth or [|A]l,

M

B MeanWidth
Al

9.5 x 107!

1070 1072 107t 100 10 10° 10 10* 10°
a

107% 1072 107! 10" 10! 10% 10* 10" 10 10° 107
0 A2

(a) Impact of a on RMSE (b) Impact of A2 on mean interval width and || A ||«

10*

i 1 SRR
T

[}

MeanWidth
Al

0% 102 107 100 10t 100100 10t 100 100 107 10 1022 100 100 10t 100 100 10t 100 108 107
Morb Morb

(c) Impact of A1 and b on mean interval width (d) Impact of A1 and b on ||A||«

Figure 6: Marginal impact of hyperparameters a, b, A\; and Ao over several values of §/, test cases
and random seeds on rmse, mean interval width and regularization norms.
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n oA W N

Note however that our conclusions related to a only apply to test cases with symmetric noise (which
is the case for test cases 1, 2 and 3). In presence of asymmetry, it may be required to select a > 0 to
ensure a satisfying estimation of the mean function. We give an illustration in Appendix [B.4]

B.2 Cross-validation for kernel hyperparameter estimation and HSIC test of independence

Cross-validation. Let K be the number of folds. For k € [K], we write Dy, the fold dataset k and

D_i = D, \ Di. We denote by m_, f, & the mean and scaling functions trained on D_j, according
to Equation (8). Define two sets,

Ry = U{ X))*}iep, and Fg = U{f— i) }YieDy-
We seek /\
max HSIC(R,F), (17)
65 eRd

where H/SI\C(R7 F') is estimated with samples Ry and F. In all our experiments, we use the energy
distance kernel k(z,z’) = |z| 4+ |2'| — |x — 2’|, which has been shown to be characteristic by
Sejdinovic et al.| [2013]]. In practice, since HSIC is estimated with samples, the objective function of
this optimization problem is noisy: consequently we resort to the BOBYQA optimization algorithm
[Powell et al., [2009]].

Once the lengthscales 67 are selected, we train the scores on the whole pre-training dataset to learn

mp, and fpn. From there, we use the calibration set following the split conformal procedure. Our
complete algorithm is summarized in Algorithm [T}

Algorithm 1: Split CP with adaptive kernel SoS

Data: Dy = D,, U D,,, the pre-training and calibration datasets.

Input: (a,b, A1) € R3, Xy > 0, the error-rate o € 0, 1[ and choose kernels k™ and k7.

Fit a GP on D,, with estimated nugget effect. Retrieve estimated lengthscales 6™ and set
s = [mep|®

Solve Equation to estimate 0/

Solve Equation (8) to get mp, and fp,

Compute the scores {s}icp,, = {(¥; — p, (X:))*/ fp, (X0 }iep,,
Compute the adjusted level quantile g, ({s; }iep,,) of these scores

Output: Cp, (-) = {ﬁlpn(-) + E]\a.]?Dn('):|

HSIC test of independence. Solving Equation will always yield an optimized value for 6.

However in practice, the maximum attainable value of HSIC (R, F') may be small, thus suggesting
that the residuals and the width of the most adaptive prediction bands are independent. In such
situations, assuming that the noise is homoscedastic is natural, which leads us to design constant
prediction bands by choosing an arbitrary large value for 67 (we use 67 = 20 in our experiments).

The key point is to detect that HSIC (R, F) is sufficiently close to 0 in a meaningful statistical way:
to do this we use the HSIC test of independence introduced by |Gretton et al.|[2007]. The null
distribution of this test needs to be approximated, we use a permutation procedure. From a practical
viewpoint and for numerical stability, we repeat the test 10 times and compute the median of the
p-values.

Experiments with naive lengthscales values. We also investigated the performance of naive
choices for #f. The first one is to choose 68/ = 6™, where 8™ is the lengthscales for the mean
function. The second naive choice is to take #/ equal to the median of the feature distances (a usual
rule-of-thumb - ROT below - for kernel methods). We report below, in Table 2| the mean width for
the two naive choices and for the lengthscales that maximize the HSIC (Opt. HSIC). We can see
that HSIC-optimized lengthscales always perform the best in terms of mean width, although with
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ties with naive choices in some instances. We also report the local coverage for all cases in Table 2]
HSIC-optimized lengthscales are the only one to consistently perform well across all cases.

Mean-Width
om ROT Opt. HSIC

Casel 2.862+0.123 2.898+£0.155 2.877+0.209
Case2 2.260+0.076 2.032+£0.110 2.052+0.103
Case3 1.482+£0.061 1.399+0.095 1.385+0.080
Case4 4.185+0.239 4.227+0.254 4.063 £0.159

Table 2: Comparison of mean width for different choices of 7.
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Figure 7: Local coverage for different choices of 6.

B.3 Implementation details

This section provides additional details about the SDP and dual solvers used throughout the experi-
ments.

SDP solver. The SDP problem is solved with the SCS algorithm|O’Donoghue]| [2021]], O’ Donoghue
et al.|[2023]] available in the convex optimization software CVXPY Diamond and Boyd|[2016]], Agrawal
et al.| [2018]]. An example of script that implements the SDP problem defined by Equation (7) is
shown below. Here, vector_variable and matrix_variable denote the unknowns v € R™ and
A€ Si. The remaining variables, such as the Gram matrix Km_train (K™) and the feature vector
phi_variance_gram_matrix (®(X)) have to be computed by the user using the training set and
the chosen kernel functions.

import numpy as np
import cvxpy as cp
import scs

# Variables
matrix_variable
vector_variable

cp.Variable((n, n), symmetric=True)
cp.Variable ((n, d))

# Expressions
f_A = cp.reshape(
cp.diag(phi_variance_gram_matrix.T @ matrix_variable @
phi_variance_gram_matrix),
(-1, 1),
order="C",
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mean_estimator = cp.matmul (Km_train, vector_variable)

# Objective
objective = cp.Minimize (
(a/n) * cp.sum_squares (y_train - mean_estimator)
+ (b/n) * cp.sum(f_A)
+ lambdal * cp.trace(matrix_variable)
+ lambda2 * cp.square(cp.norm(matrix_variable, "fro"))

)

# Constraints

constraints = [
matrix_variable >> O,
f_A >= (y_train - mean_estimator) **2,
cp.quad_form(vector_variable, Km_train, assume_PSD=True) <= s,

# Problem definition
problem = cp.Problem(objective, constraints)

# Solve
problem.solve(solver=cp.SCS, verbose=False)

Listing 1: Solving the SDP problem with CVXPY and SCS.

Dual formulation algorithm. We optimize the dual objective (8) using a projected gradient
method with Nesterov acceleration and leveraging forward-backward backtracking line-search on
the smoothness parameter, see [Barré et al.|[2022], [Truong and Nguyen|[2021]], enforcing feasibility
by clipping the Lagrange multipliers multipliers and applying convergence checks on constraint
satisfaction and duality gap. The gradient is computed analytically and exploits problem structure,
including sparsity and Cholesky factorization for efficiency. In Figure 3 left, the time reported are
computed with a tolerance of 0.01 for both the convergence and duality gap checks. The simulations
were performed on an AMD Ryzen 7 9700X 8-Core Processor (3.80 GHz).
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B.4 Additional numerical experiments

Formulation B versus formulation A. As mentioned in Section 2.2, [Marteau-Ferey et al.| [2020]
provide two equivalent formulations of the kernel SoS problems in terms of a PSD matrix B or A.
Though theoretically equivalent, we propose to investigate their respective numerical efficiency. For
different test cases, different lengthscales and different random seeds, we record the computational
time of the SCS solver to obtain the optimal solution with the B formulation, the A formulation
and with or without Frobenius regularization for both, see Figure@ The latter serves as a numerical
illustration of its interest from a computational perspective, beyond the theoretical one related to

strong convexity.
1 Frobenius reg.

" %

(0,0,1,0) (0,0,1,0) (0,0,1,1) (0,1,1,0) (0,1,1,0) (0,1,1.1)
Liang [2022)] Fan et al. [2024]
Parameters (a, b, A1, A2)

I Formulation B
[ Formulation A
71 No Frobenius reg.
102

-
<

SCS solver time (s)

—
f==}
=}

Figure 8: Time comparison between formulation A, B and with or without Frobenius regularization.
Each model has been run for test cases 1, 2 and 3 with three random seeds, two sample sizes n = 50
and n = 100 and ten lengthscales between 0.1 and 1.0. The y-axis is plotted on a logarithmic scale.

In average for different hyperparameter combinations, we observe a significant reduction between
both formulations, with formulation A yielding 90% computational savings. Setting Ao > 0 also
improves resolution times, in particular when b > 0.

Evaluation metrics. For our experiments on analytical test cases, we compute the following
metrics:

* The mean width of the prediction intervals on the test set

¢ The mutual information between X and S(X,Y") on the test set

e The R%QI criterion proposed in |Deutschmann et al. [2024]. We first discretize the interval
widths of test samples with quantiles, leading to a partition of the test set. For each partition,
we compute the (1 — «)- quantile of the absolute residuals and the median width: the RgQI
is the R? determination coefficient of the linear regression without intercept between these
two

« The local coverage, obtained by approximating P(Yx 1 € C(Xy41) | Xnt1 =) by its
empirical counterpart with samples from Yy (of size ny) at different random locations
X1 (of size nx)
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For real-world datasets, we do not compute the mutual information for numerical robustness due to
the dimension of X, and cannot estimate the local coverage since we do not have access to multiple
samples from Yy for a given X 1. We then consider:

* The mean width of the prediction intervals on the test set as previously

* The worst-set coverage introduced by [Thurin et al.| [2025]]. Starting from a partition
{Ri}i1=1,.... of the input space, we compute the marginal coverage in each region

P(Ynt1 € Cpy (Xn+1)|XN41 € Ry). The worst-set coverage is defined as the mini-
mum of all these coverages: the closer it is to the target «, the more adaptive the intervals. In
practice, we follow the ideas of [Thurin et al.|[2025]] to define the regions, with a procedure
that may not yield a partition: we randomly select L = 10 samples from the test set, and for
each of them we identity the 100-th closest neighbors in the feature space to estimate the
marginal coverage.

We discuss in further detail the R%QI criterion proposed in Deutschmann et al.|[2024], using Figure
as a visual aid. This illustration excludes the CQR model due to the Tack of a predictor for the mean
function.

.
o

.

e taeme s ¢ 0n e
setaeme

- K ° . 21w . s
- : P >

est

oA
EARY
v

Figure 9: Test case 1 with n = 100, nx = 100 and ny = 1000. We showcase prediction bands (top
row) and the absolute residuals quantiles versus the median width quantiles (bottom row) for three
models, homoscedastic GP (left column), heteroscedastic GP (middle column) and kernel SoS (right
column). We use 50 quantiles to compute R%QI.

For the homoscedastic GP model (left) we observe constant width of the prediction bands. Conse-
quently, the median width quantiles form a constant line with respect to the absolute error quantiles.
The linear model without intercept thus fits these data very poorly and results in a negative determina-
tion coefficient. This behavior is observed throughout cases 1, 2 and 3, where the homoscedastic GP
always outputs constant prediction bands.

For the heteroscedastic GP model, we see that the prediction bands are more adaptive than the
homoscedastic one, resulting in a positive determination coefficient. However, the linear regression is
not perfect: we can spot some bands that overcover (top row, middle column), for X € (0.75, 1.0]
and around X = 0.5 and X = —0.5. On the corresponding quantile plot, these points correspond
to the mean width quantiles that are above the regression line in red. We see that the model mostly
overcovers for points with high residuals. In addition, the model also undercovers in some regions,
for instance at X = —0.2, which corresponds to the black points in the lower left of the quantile
regression plot, where the absolute errors are very low, or at X = —0.7 and X = —1 where the
absolute errors are larger. The latter correspond to the black points in the middle of the figure under
the red regression line.
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Finally, for the kernel SoS model, we observe a better linear regression model. In particular, prediction
bands (top row, right column) are indeed narrower in the middle where the mean predictor makes
smaller errors and the data are less noisy, and wider at both ends, where the data have more noise
which results in a mean predictor with larger errors.

Additional analytical test cases and results. The complete list of test cases we consider is given
below. Note that we only provide RgQI for kernel SoS and the heteroscedastic GP: homoscedastic GP
typically yields constant bands with largely negative determination coefficient, and CQR does not
provide a mean function predictor. For all experiments related to adaptivity metrics, we perform 20
replications with different random seeds, and local coverage is estimated with nx = 100 independent
random locations X 1 for which we generate ny = 1000 independent samples from Y 1. RgQI,
MI and mean width are estimated with a test set of size ney = 1000. For kSoS, we train first an
initial model with 87 = 5 and extract the values of the mean-width and the norms, which serve as a
normalization before setting the hyperparameter values A\; = Ao = 1 and b (depending on the test
case).

Case 1. Inspired from [Gramacy and Leg|[2009].
d=1, X~U[-1,1], Y=m(X)+c(X)e, €e~N(0,1)

m(X) = sin(m(2X 4+ 1/5)) + 0.2cos(4m(2X +1/5)) if 10X +1<9.6
| X —9/10 otherwise

o(X) =/0.1 + 2X2

We report below in Figure andthe results from the main paper, with the additional R%QI.

2
R

. ﬁ @ o . Sos

[ CQR with RF

5/ I Homoscedastic GP
COMIXs) ; Il Heteroscedastic GP
2 a=09

———

.o Mean Width

1
0 % .5 0.6 0.7 0.8
28 Local Coverage

Figure 10: Test case 1 with d = 1 and n = 100. Adaptivity metrics and density of local coverage for
a = 0and b = 10.

Case 2. Corresponds to setting 1 in|[Hore and Barber [2024].
X ~Ng(0,15), Y=m(X)+0o(X)e, e~N(0,1)

d
m(X) =05 X
i=1

d
o(X) = Z | sin(X @)
i=1

We start by setting d = 1 and display the adaptivity metrics in Figure For this test case, we
observe that all methods tend to produce prediction bands that are too large (hence a local coverage
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Figure 11: Test case 1 with d = 1 and n = 2000. Optimal solution of dual formulation fora = b = 0,
)\1 = )\2 = 1and 9f =0.3.

density leaning towards 1), with a notable exception for kernel SoS. Although MI and RgQI are
similar for the heteroscedastic GP and kernel SoS, the latter has intervals with much smaller mean
width.

Ri(zl

i % B SoS
¢ I CQR with RF
I Homoscedastic GP

I Heteroscedastic GP

MI(X, 5)
1R a=0.9

260 Mean Width

25 * 1

h E 4 0.5 0.6 0.7 0.8
2 Local Coverage

Figure 12: Test case 2 with d = 1 and n = 100. Adaptivity metrics and density of local coverage for
a = 0and b= 10.
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Figure[T3]|shows the optimal solution of our dual formulation for n = 2000.

Remark 4 We do not investigate this test case in larger dimension, since by concentration due to the
additive structure, the intervals tend to be constant when d increases. The same comment applies to
test case 3. For brevity, we thus postpone the investigation of such a setting to test case 4.
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Figure 13: Test case 2 with d = 1 and n = 2000. Optimal solution of dual formulation for a = 0,
b= 1000, )\1 = )\2 = 1and Gf =1.2.

Case 3. Corresponds to setting 2 in[Hore and Barber] [2024].
XNNd(Ovld)a Y =m(X) +o(X)e, GNN(Ovl)

d
m(X)=05% X
i=1
4  2X
o(X) = Z ggb(?), ¢ : pdf of standard Gaussian

For d = 1, the homoscedastic GP has poor local coverage, but with small prediction bands, as can be
seen in Figure[T4] Kernel SoS and the heteroscedastic GP have highly similar characteristics, with
excellent local coverage as well as low MI and intervals with small mean width.

09 Ricgl
07 10

MI(X, 5) §

I kSoS

0 CQR with RF
I Homoscedastic GP
I Heteroscedastic GP
6] a=0.9

10 4
Mean Width 9

%A 0.5 0.6 0.7
Local Coverage

Figure 14: Test case 3 with d = 1 and n = 100. Adaptivity metrics and density of local coverage for
a=0andb=10.

Density

With n = 2000, we obtain in Figure T3] the following optimal solution of the dual formulation.
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Figure 15: Test case 3 with d = 1 and n = 2000. Optimal solution of dual formulation fora = b = 0,
A=Ay =1land 6/ =0.9.

Case 4. Inspired from [Kivaranovic et al.| [2020].

X ~U0,1% Y =m(X)+o(X), e~N(0,1)
m(X) =2sin(7f"X) + 73" X

o(X)=14/1+(BTX)?

For this test case, the oracle prediction bands are actually close to be constant: since we have seen
previously that RgQI is not a relevant indicator in such situation, we discard it from our analysis. In
dimension d = 1 we set 3 = 1 and obtain the remaining adaptivity metrics given in Figure[16]

MI(X, 5) ) - kSoS
150 EEE CQR with RF
I Homoscedastic GP
.
125 pummm Heteroscedastic GP
Z100] T a=0.9
—— — Z
=

" Mean Width 7.5
5.0

16
14
2.5
12
0 é
% “’?}.l 0.5 0.6 0.7 0.8 0.9 1.0
38 Oracle

5
Local Coverage

Figure 16: Test case 4 with d = 1 and n = 100. Adaptivity metrics and density of local coverage for
a=b=0.

As expected, homoscedastic GP, which produces almost constant intervals, performs the best in this
setting. Except CQR, all methods yield similar MI, as well as similar satisfying local coverage. But
this time, kSoS tend to select larger intervals than GPs: the good performance of heteroscedastic GP
actually comes from the fact that it often prefers a homoscedastic model during fitting. We give in
Figure[T7]the optimal solution of the dual formulation obtained with n = 2000.

We now turn to the same test case in dimension d = 5 with n = 150 and 8 = (1,0.1,0.1,0.1,0.1).
Figure [I8]shows a comparison with all competitors in terms of adaptivity metrics, but observe that
we also do not compute MI since estimation is not robust due to the dimension.
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Figure 17: Test case 4 with d = 1 and n = 2000. Optimal solution of dual formulation fora = b = 0,
A=Ay =1land 6 =1.6.
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Figure 18: Test case 4 with d = 5 and n = 150. Adaptivity metrics and density of local coverage.

We can first remark that all methods tend to overcover more than in dimension d = 1. But similarly
to d = 1, here the homoscedastic GP is also the best model in terms of local coverage and mean
width. Interestingly, the performance of heteroscedastic GP and CQR degrades, while kSoS still
achieves local coverage as good as homoscedastic GP, although with larger intervals on average.
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Additional real-world datasets and results. We also investigate six real-world datasets:

1. Three of them (Concrete [Yeh, [1998|], Bike [Fanaee-T}, [2013]] and Bio [Rana, 2013|)) are
taken from [Romano et al.|[2019].

2. The last three are standard regression datasets: Diabetes [Efron et al.,|2004], Housing [Pace
and Barry, |1997] and MPG [Quinlan, |{1993]].

They vary in terms of number of features and total sample size, see Table [3for a detailed description.
Note that for some of them, we perform a preliminary pre-processing step, by removing outliers
(with a heteroscedastic GP model) and removing inactive features (identified with a heteroscedastic
GP model and automatic relevance determination [Rasmussen and Williams, |2005])). For Housing
specifically, we remove censored data (target > 5) and apply a logarithm transformation of the target.

Dataset \Nb features Total sample size  Ngain~ Ncal Nest  Outliers

Concrete | 8 1030 412 412 206 30%

Bike (18) 10886 1000 1000 1000 20%
13

Bio ‘ (Z) 45730 1000 1000 1000 NA

Diabetes ‘ 10 442 101 170 171 NA

MPG ‘ 7 398 100 146 146 NA

Housing ‘ 8 20640 1000 1000 1000 NA

Table 3: Description of six real-world datasets: number of features (before and after filtering, if
applicable), total sample size, training set sample size, calibration set sample size, test set sample
size, percentage of removed outliers in training set.

Each experiment is repeated 10 times, where we randomly sample the training, calibration and
test datasets. As for analytical test cases, we compare CQR, homoscedastic GP, heteroscedastic
GP, and an isotropic kSoS with two choices for §/: the optimal value identified with our HSIC
criterion, and the value that yields the smallest mean width. See TableE]for details on the selection of
hyperparameters for both choices: since ¢ optimized with HSIC varies along the experiments, we
do not report its value. Note also that for the Bio dataset, which exhibits asymmetric noise, we use
the extended variant of kSoS presented in the next paragraph, and thus has not an HISC-optimized
version (since our criterion is only valid for symmetric intervals). We also use the kSoS formulation
with known mean, given by a homoscedastic GP. To supplement the mean widths given in Table 1,
we also provide in Table[5]the estimated marginal coverage on the test set. As expected from theory,
all methods achieve the target coverage (o = 0.9 here).

kSoS kSoS
Dataset | Best mean width  Opt. HSIC
2 b b
Concrete | 3 10 10
Bike 7 10 10
Bio 2 10000 —
Diabetes | 0.3 100 10
MPG 10 10 100
Housing | 20 10 100

Table 4: Hyperparameters for six real-world datasets and the choices of lengthscales.

To complement the mean width analysis of each method in terms of adaptivity, we also compute in
Figure [I9the worst-set coverage on these datasets except for MPG and Diabetes (very small test set
size) and Bio (asymmetric noise). The mean widths are recalled below in Table @
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Dataset CQR Het GP Hom GP kSoS kSoS
Best mean width Opt. HSIC

Concrete | 0.902 +0.020 0.898 +0.020 0.898 +0.015  0.900 +0.034  0.899 + 0.034
Bike 0.904 £0.012 0.903 £0.018 0.905+0.012  0.901 £0.012  0.900 £ 0.012
Bio 0.902 £0.013 0.900 £ 0.013 0.900 = 0.016  0.905 £ 0.012 —
Diabetes | 0.899 +0.037 0.896 +0.032 0.904 +0.025  0.892 £0.027  0.886 £ 0.036
MPG 0.889 £0.037 0.9134+0.026 0.899 +0.028  0.895 + 0.029 0.892 +0.03
Housing | 0.897 £0.011 0.893 +0.012 0.900 +0.017  0.898 +£0.016  0.899 + 0.019

Table 5: Estimated marginal coverage on the test test for six real-world datasets (mean=+sd on 10
repetitions).

Dataset CQR Het GP Hom GP kSoS kSoS
Best mean width Opt. HSIC
Concrete | 0.586 £0.032 0.508 £0.052 0.543 +0.044 0.556 £ 0.044 0.568 £ 0.06
Bike 1.114 +£0.062 1.000+0.079 0.809 +0.024 0.803 £0.031 0.803 + 0032
Housing | 1.816 £0.045 1.585+0.099 1.453 £0.068 1.468 +0.094 1.586 £ 0.104

Table 6: Mean width of prediction intervals for three real-world datasets (mean-+sd on 10 repetitions).

In average, CQR and HSIC-optimized kSoS have better worst-set coverage than both GPs, but CQR
systematically yields intervals with much larger mean widths. As for the comparison between kSoS
and GPs:

* Housing (Figure [T9] left). Homoscedastic GP and kSoS focusing on mean width exhibit
the lowest mean width, meaning that they clearly outperform heteroscedastic GP since they
all have similar worst-set coverage. But they do not reach the target of &« = 0.9. On the
contrary, kSoS optimized with HSIC stays closer to the target, with a mean width in line
with heteroscedastic GP.

* Concrete (Figure @L middle). In terms of mean width, heteroscedastic GP is the clear
winner. However, its worst-set coverage is around 0.87. Both kSoS variants have a larger
mean width, but their worst-set coverage reach the target. On this test case, homoscedastic
GP has coverage similar to heteroscedastic GP but with a larger mean width.

* Bike (Figure[T9] right). All methods have similar worst-set coverage in average, while the
lowest mean width is obtained with homoscedastic GP and kSoS.

kSoS Best mean width{ e
kSoS Opt. HSIC| ——
Heteroscedastic GP{ —— —— ——
Homoscedastic GP { ——
CQR with RF i i i
0.80 0.85 0.90  0.80 0.85 0.90  0.80 0.85 0.90
Housing Concrete Bike

Figure 19: Housing (b = 100), Concrete (b = 10) and Bike (b = 10) dataset. Mean and standard
deviation of worst-set coverage, 10 repetitions.
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Non-symmetric intervals. We can readily extend our kernel SoS framework to non-symmetric
prediction intervals of the form

Cnv(X) = [(X) = Fam (X) = Guy LX) + Fan(X) + ]

with score function S(X,Y) = max (m(X) — faw(X) =Y, Y —m(X) — faw(X)) inspired by
CQR. In this setting, the kernel SoS problem writes

. a b &

inf - Z (Y; —m(X;))” + - Z (foaiow (X)) + faw (X3))

meH™, AV, AweS (Hf) N =1 P
A AL AY A A AT A+ AJA® 4+ Az AP
S.t. f_A]ow(Xi) 2 m(Xi) — Yi, i€ [TL] y
fA“P(Xi) >Yi— m(Xl)a (S [n} )

Im[[Zem < s.

Contrary to the symmetric noise case, here the constraints no longer ensure a good fit of the regression
function: this means that we need to set a > 0. Also remark that different RKHSs can be chosen for
A and A" in order to adapt to different regularities for the left and right tails of the conditional
distribution.

As an illustration, we focus on a test case from [Braun et al.[[2025]], which involves an exponentially
distributed noise:

d=1, X~U[-1,1], Y =mX)+o(X)e, e~&Q)

The optimal solution of the kSOS problem is given in Figure 20 for symmetric and non-symmetric
intervals with a = 0 and a = 1000, for n = 100. First observe that when a = 0 the mean function is
biased, unlike for ¢ = 1000. In addition, breaking the symmetry clearly improves adaptivity.
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Figure 20: Test case 5. Optimal mean function and non-symmetric prediction intervals (up) and
symmetric intervals (bottom) for ¢ = 0 (left), a = 1000 (right), with parameters b = 1, \; =

L, =16/ =0.7.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the

paper’s contributions and scope?
Answer: [Yes]

Justification: We rely on numerical experiments in the main paper to support our claims,
and also provide detailed proofs and additional experiments in the Appendix.

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims

made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals

are not attained by the paper.
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2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We comment on the limitations in several remarks and in the final section that
guide towards future work. We also provide a discussion on computational efficiency and
how it scales with sample size in the main paper and the Appendix.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: Complete proofs and assumptions are available in the Appendix.
Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
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Answer: [Yes]

Justification: We always explicitly mention the hyperparameter values used in all experi-
ments, and also provide reproducible code in the supplemental material.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.
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to reproduce that algorithm.
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either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
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authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: The accompanying code can be used to reproduce all our results.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
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* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide in the Appendix an entire section dedicated to all the experimental
setting.

Guidelines:

* The answer NA means that the paper does not include experiments.
* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.
* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: When applicable, we always add error bars or boxplots on our experiments.
We also describe the factors of variability.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

It should be clear whether the error bar is the standard deviation or the standard error

of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
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10.

11.

Justification: We detail in the Appendix the computer resources we used for all our experi-
ments.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Our work has no potential harmful consequence, and as far as data are
concerned, we only used synthetic and publicly available datasets.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: NA.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards
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Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We only use synthetic datasets.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: We do not rely on existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: NA.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

» At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
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15.

16.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: NA.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: NA.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: NA.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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